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VoLUME 49, NUMBER 6 PHYSICAL REVIEW LETTERS 9 Aucusrt 1982

Quantized Hall Conductanqe in a Two-Dimensional Periodic Potential

D. J. Thouless, M. Kohmoto,'®’ M. P. Nightingale, and M. den Nijs

Depaviment of Physics, Univevsity of Washington, Seattle, Washington 98195
{(Received 30 April 1982)

The Hall conductance of a two-dimensional electron gas has been studied in a uniform
magnetic field and a periodic substrate potential {7, The Kubo formula is written in a
form that makes apparent the quantization when the Fermi energy lies in a gap. Explicit
expressions have been obtained for the Hall conductance for both large and small U/ /4w, .
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7.2 Topological insulator

PHYSICAL REVIEW LETTERS b

PRL 95, 226801 (2005) 25 NOVEMBER 2005

Quantum Spin Hall Effect in Graphene

C.L. Kane and E. J. Mele

PRL 95, 146802 (2005) PHYSICAL REVIEW LETTERS A

Z, Topological Order and the Quantum Spin Hall Effect

C.L. Kane and E.J. Mele
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Topological invariants in energy band

» Chern number 1n T-symmetry breaking
system

» 7> topological invariant in T-symmetry
Invariant system



Relativistic Quantum Mechanics

» Klein-Gordon equation 1926
e +E T

K> =iV 5y oy (O-u)p(x,1) =0
- :m
E—id, P _vi_g2
Negative Energies e™x~E0) E = +(k*+u?)l?

$(O—p2)p =0 3,jx) =0 px)=2E¢ (x)p(x)
A — 126" = 0 non-positive-definite
Julx) = i[(0,4"(x))$(x) — ¢"(x)0,P(x)]




Relativistic Quantum Mechanics
» Dirac equation 1928 Vvt I = 26,
(}’,ua,u_l-m)w =0 (ﬂ,v = 1“,,4)

» Dirac representation
FEuclidian vector z, = (x, )
Greek letters p, v, ... take values from 1 to d+1

A-B Y A,B,
L

c=h=1



Relativistic Quantum Mechanics

» Dirac equation 1928 Ve F Y. = 20,

(}’,ua,u_l-m)w =0 (ﬂ,v = 1“,,4)

» Dirac representation

EFFIE R, Dirac HFEXS AL

spinor index as (£0) where £ = £+ and o =7, |

» Weyl representation

the representation of the Lorentz group is (5_

—

spinor index (o) where ¢ = L, R and o =7,
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Topological Insulator

» Bulk insulator
» Topological protected surface state

»Mass term in Dirac Equation change Sign

(-, ) 0A (T, Tr)
Hi=a-p+ m
10,0
(1, 0) A - Q A\ (7, 0)
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Bulk-boundary correspondence

E|(a) Conduction Band E|(b) Conduction Band
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FIG. 3. (Color online) Electronic dispersion between two
boundary Kramers degenerate points I',=0 and I'y=#/a. In (a)
the number of surface states crossing the Fermi energy Ef is
even, whereas in (b) it is odd. An odd number of crossings
leads to topologically protected metallic boundary states.

Weak topological insulator Z, invariants (y0; y1,y2,y3)

Strong topological insulator Heurface = — iU oG - v"
suriace — - ?



Justify 3D TI

(1) Surface State Electron Structure
(2) Adiabatic Continue Band Transformation

(3) Band inversion

@ Calculate Z,



Calculate Z,

" > With inversion symmetry

Fu-Kane theorem (Fu & Kane, 2007)
-

» Without inversion symmetry

directly calculate Z,

(Feng, Wen, Zhou, Xiao & Yao (2012) )

I

Zh = —
2 27

mod 2,
B+

q‘; dk-.ﬂ(k)—] Pk F (k)
J OB+ -

where A (k) and F (k) are the Berry connection and Berry
curvature, respectively,

\?l(k) = EZ Ctn ) | Vieun (k) F (k) = Vi x A k) |, .
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PHYSICAL REVIEW B 78, 195125 (2008)

Classification of topological insulators and superconductors in three spatial dimensions

Andreas P. Schnyder,' Shinsei Ryu.,! Akira Furusaki,? and Andreas W. W. Ludwig?

TRS PHS SLS d=1 d=2 d=3

Standard A (unitary) 0 0 0 - Y/ -
(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) -1 0 0 - 7, Z

Chiral AIII (chiral unitary) 0 0 1 Z - Y/
(sublattice) BDI (chiral orthogonal) +1 +1 1 Z - -
CII (chiral symplectic) -1 -1 1 Z - 7y

BdG D 0 +1 0 Z, Z -

C 0 -1 0 - Z -

DIII -1 +1 | Zy 7y Z

CI +1 -1 1 - - Z

TABLE I. Ten symmetry classes of single-particle Hamiltonians classified in terms of the presence or
absence of time-reversal symmetry (TRS) and particle-hole symmetry (PHS), as well as “sublattice” (or
“chiral”) symmetry (SLS) (Refs. 37 and 38). In the table, the absence of symmetries is denoted by “0.” The
presence of these symmetries is denoted by either “+1” or “~1,” depending on whether the (antiunitary)
operator implementing the symmetry at the level of the single-particle Hamiltonian squares to “+1” or “—17
(see text). [The index =1 equals 7, in Eq. (1b); here e.=+1 and —1 for TRS and PHS, respectively.] For the
first six entries of the table (which can be realized in nonsuperconducting systems), TRS=+1 when the SU(2)
spin is an integer [called TRS (even) in the text] and TRS=-1 when it is a half-integer [called TRS (odd) in
the text]. For the last four entries, the superconductor “Bogoliubov—de Gennes” (BdG) symmetry classes D,
C, DIII, and CI, the Hamiltonian preserves SU(2) spin-1/2 rotation symmetry when PHS=-1 [called PHS
(singlet) in the text], while it does not preserve SU(2) when PHS=+1 [called PHS (triplet) in the text]. The
last three columns list all topologically non-trivial quantum ground states as a function of symmetry class and
spatial dimension. The symbols Z and Z, indicate whether the space of quantum ground states is partitioned
into topological sectors labeled by an integer or a Z, quantity, respectively.



Topological Crystalline Insulators

Spatial Symmetries

PRL 106, 106802 (2011) PHYSICAL REVIEW LETTERS

Topological Crystalline Insulators

Liang Fu

ARTICLES naure

hvsi
PUBLISHED ONLINE:16 DECEMBER 2012 | DOI:10.1038 /NPHYS2513 p ySICS

The space group classification of topological
band-insulators

Robert-Jan Slager', Andrej Mesaros?, Vladimir Juric¢i¢'* and Jan Zaanen'

Y. Ando and L. Fu, Annual Review of Condensed Matter
Physics 6, 361 (2015).



Topological Crystalline Insulators

» Mirror Chern Insulator
Ando and Fu, Annu. Rev. Condens. Matter Phys. 6, 361 (2015)

» Hourglass Fermions
Wang, Alexandradinata, Cava, Bernevig, Nature 532, 189 (2016).

» Wallpaper Fermions

Wieder et al., Science 361, 246 (2018)

» Higher-order topological insulators

Fang&Fu; Schindler et al., Langbehn et al., Song, Fang&Fang; Benalcazar et
al., (2017)



Higher-Order Topological Insulators
arXiv:1708.03636
Frank Schindler,! Ashley M. Cook,! Maia G. Vergniory,”? Zhijun Wang,*
Stuart S. P. Parkin,’> B. Andrei Bernevig,*%® and Titus Neupert!

bulk (d)>d-1,d-2,d3 7 | 7

Second order

Topological Insulators Turn a Corner

Theorists have discovered topological insulators that are insulating in their interior and on
their surfaces but have conducting channels at corners or along edges.

[2] W. A. Benalcazar, B. A. Bernevig, and T. L. Hughes, “Quan-

tized Electric Multipole Insulators,” Science 357, 61 (2017). Figure 1: ﬂL.l:u;Ié. 3D topological irpn::ta; conduct via ga“?;ss
[3] W. A. Benalcazar, B. A. Bernevig, and T. L. Hughes, “Electric states on their 2D surfaces but are insulating in their bulk (left).
: : : : Re cond- and third-order 3D Tis h
Multlpol.e Mo_ments, Topc_)loglcal M_ultlpole Moment Pumping, nmmh:gs (miadde)ormct;nm ;ig:f i
and Chiral Hinge States in Crystalline Insulators,” Phys. Rev. respectively, and they constitute a new class of topological phases
B. 96, 245115 (2017). of matier. (APS/Alan Stonebraker)

[4] Z. Song, Z. Fang, and C. Fang, “(d — 2)-dimensional edge
states of rotation symmetry protected topological states,” Phys.
Rev. Lett. 119, 246402 (2017).
[5] J. Langbehn, Y. Peng, L. Trifunovic, F. von Oppen, and P. W. .
Brouwer, “Reflection-symmetric second-order topological in- 11 Decamber 2017 phVSIGS ‘0 132
sulators and superconductors,” Phys. Rev. Lett. 119, 246401
(2017).



Dirac Fermion in Condensed Matter

Massless Dirac Fermion

Energy

K-point at BZ of Graphene (1947)

2004, 2005 . 8

Two-dimensional gas of massless Dirac fermions in

graph ene Vol 438/10 November 2005|doi:10.1038/nature04233

K. S. Novoselov!, A. K. Geim', S. V. Morozov?, D. Jiang!, M. |. Katsnelson?, I. V. Grigorieva', S. V. Dubonos®
& A. A. Firsov’

Vol 438|10 November 2005|doi:10.1038/nature04235

Experimental observation of the quantum Hall effect
and Berry's phase in graphene

Yuanbo Zhang', Yan-Wen Tan', Horst L. Stormer"? & Philip Kim'



Dirac Fermion in CM

Massless Dirac Fermion 3D

symmetry protected degeneracies

Dirac Semimetal in Three Dimensions

PRL 108, 140405 (2012)

S. M. Y()ung,l S. Zahccr,2 J.C.Y. Tco,z‘* C.L. Kanc,2 E.J. Mclc,2 and A. M. Rapp(:l

» Four dimensional irreducible
representations at high
symmetry points of BZ

» Linearly in all directions
around these points



Dirac Fermion in CM

Dirac semimetal and topological phase transitions in A;Bi (A = Na, K, Rb)
Zhijun Wang.! Yan Sun.? Xing-Qiu Chen.? Cesare Franchini,” Gang Xu,! Hongming Weng." Xi Dai.! and Zhong Fang!-f

PHYSICAL REVIEW B 85. 195320 (2012)

0.5

Three-dimensional Dirac semimetal and quantum transport in Cd;As,

Zhijun Wang, Hongming Weng,” Quansheng Wu, Xi Dai, and Zhong Fang'

PHYSICAL REVIEW B 88, 125427 (2013)

> 0
» Two bands along high symmetry lines of 5 05

BZ belong to different two dimensional
irreducible representations—->




Dirac Fermion in CM

Discovery of a Three-Dimensional
Topological Dirac Semimetal, Na3Bi

Z. K. Liu,™* B. Zhou,*?* Y. Zhang,” Z. ]. Wang,* H. M. Weng,* D. Prabhakaran,? S.-K. Mo,’
Z. X. Shen,* Z. Fang,*” X. Dai,*”® Z. Hussain,? Y. L. Chen®®t

21 FEBRUARY 2014 VOL 343 SCIENCE

A stable three-dimensional topological Dirac
semimetal Cd;As,

Z.K. Liu™, J. Jiang23%, B. Zhou?47, Z. J. Wang®', Y. Zhang'#, H. M. Weng?®, D. Prabhakaran?, S-K. Mo#,
H. Peng?, P. Dudin®, T. Kim®, M. Hoesch®, Z. Fang®, X. Dai®, Z. X. Shen!, D. L. Feng?, Z. Hussain?
and Y. L. Chenl24.6*

PUBLISHED ONLINE: 25 MAY 2014 | DOI: 10.1038/NMAT3990
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el |4 Mandrus et al., PRB 63, 195104 (2001)
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Magnetic transition, long-range order, and moment fluctuations in the pyrochlore iridate Eu,Ir,0,

Songrui Zhao,"" J. M. Mackie,' D. E. MacLaughlin,! O. O. Bernal,? J. J. Ishikawa,® Y. Ohta,” and S. Nakatsuji’

Magnetic order in the pyrochlore iridates A,Ir,0; (A =Y, Yb)

S. M. Disseler,! Chetan Dhital,! A. Amato,” S. R. Giblin,? Clarina de la Cruz,* Stephen D. Wilson,' and M. J. Graf™"]

Continuous transition between antiferromagnetic insulator and paramagnetic metal
in the pyrochlore iridate Eu;Ir,0+

Jun J. Ishikawa,” Eoin C. T. O’Farrell, and Satoru Nakatsuji'

Magnetic order and the electronic ground state in the pyrochlore iridate Nd,Ir,0;

S. M. Disseler,! Chetan Dhital,! T. C. Hogan,! A. Amato,” S. R. Giblin,? Clarina de la Cruz,* A. Daoud-Aladine,’
Stephen D. Wilson,! and M. J. Graf’

Emergence of Magnetic Long-range Order in Frustrated Pyrochlore Nd:Ir,O; with
Metal-insulator Transition

K. Tomiyasu,!'* K. Matsuhira,? K. Iwasa,! M. Watahiki,! S. Takagi,? M.
Wakeshima,® Y. Hinatsu,®> M. Yokoyama,? K. Ohoyama,® and K. Yamada®




All-in/all-outIEIL 2R 7t 45 44

PRL 108, 247204 (2012) PHYSICAL REVIEW LETTERS 1S TONE 200

Noncollinear Magnetism and Spin-Orbit Coupling in 5d Pyrochlore Oxide Cd,0s,0,

We investigate the electronic and magnetic properties of the pyrochlore oxide Cd,0s,07 using the
density-functional theory plus on-site repulsion (U) method, and depict the ground-state phase diagram
withrespect to U. We conclude that the all-in—all-out noncollinear magnetic order is stable in a wide range
of U. We also show that the easy-axis anisotropy arising from the spin-orbit coupling plays a significant
role in stabilizing the all-in—all-out magnetic order. A pseudogap was observed near the transition between

PRL 108, 247205 (2012) PHYSICAL REVIEW LETTERS 19 TUNE 2002

Tetrahedral Magnetic Order and the Metal-Insulator Transition in the Pyrochlore
Lattice of CdzOSz()';

accompanied with any spatial symmetry breaking. We propose a noncollinear all-in—all-out spin arrange-
ment on the tetrahedral network made of Os atoms. Based on this we suggest that the transition is not
caused by the Slater mechanism as believed earlier but by an alternative mechanism related to the



Correlation>band structure evolution 3

Y,Ir,0; LDA+U method All-in/All-out magnetic order
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(Small Fields)
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Weyl Semimetal

TaAs:

Theory:
Weng et al., PRX (2015)
Huang et al., Nature Commum. (2015)

Exp:
Lv et al., PRX (2015), Nature Phys. (2015);
Xu et al., Science (2015);



PHYSICAL REVIEW X 5, 011029 (2015)

Weyl Semimetal Phase in Noncentrosymmetric Transition-Metal Monophosphides

; 1,2,* - T : 1,2 & - PRI
Hongming Weng, Chen Fang.” Zhong Fang, ™~ B. Andrei Bernevig,” and Xi Dai

3D view of the nodal rings (in the absence of SOC) and
Weyl points (with SOC) in the BZ. Once the SOC is
turned on, the nodal rings are gapped and give rise to
Weyl points off the mirror planes

r
(a) Aanaa VP p'»p“.h"“~\“‘l."""
b M E” dd LN plrathn i
omanadsVVYrrrrrr e} bl A ol 5 T
o TR R T T NF F A G DRy I'
aot™ v v e e e r i FYPYRMM LMLy wicll 3
Laa4 4ravrrvwr:vrrvv,_““‘:“"‘“” vy
‘\“ ‘.A)PI!IIIIlrl‘\_:::::‘::::::::_“)!!
ol RO Pl a AL A i LT P o R o P P * ® *
(c) ‘ (d) A O AL EAART T TN (94 oD P
cafhadsassrrrirn, L _Juaall ¥ EE s daa]
----.--44:’&P,"""--AA\AA..“““‘_,..-:
Z -‘n-aaao‘!!li""'-,\Aﬂﬁﬂik‘P“““““E
s &l ( WY AR LAl Rt ade PSR S R ha
. YR e FexwwBmvvvww
- - P
° %
& '?Y ’ - s AL AT L A AL T sy y
i S ‘ k2 I YPEEEERERE & pd gL LT I
ks 8 = PRI by el Y
N N ’ S FEE R R R R E R A i
s ' ’ Addddddd% ) yyyvrryyyryerry 1™~
h 4-.$ .7- 4 R TR NNy iWivg
x g ’ N R .
Y 14 ’ -C St it aad Y Y YT Y I T e
~ s PEERERE YN YT e Trvdsd
B A T
Y / LR R N A, KXl
t s ’ 1 la a2 2 2 prprrN,

v AR I T YT L7 4 4
1@~ - @~ T [ ~ @~ S<.- \»vvbv\v‘-“,,‘,',,h""v'Vdvt
3 } | [] N A yTrvfrvare
= 1 3 —oxae 1 VLS it ol WETT LRI M i b
@ N ol [ ! tok et 3 LT T IR B agethihid BT 3 VSR Aot e
~0- s . -9~ R R R R | i PR R R

L] ] s N 1 t ( DR PR s NI R Y R

’ N ““7‘--.----..“ dfddrrr==rn
, . EEERE RPN L < ’ A
’ { . pr M B A I YRR ER R PR RS A S
& M B Pyriddigiiatiaaee™
s k."*.*’ N IEEL SEREE AN LR
’ 1 \ = TALANA Aty [ MAd LN dad 844" ,hyy
’, \ tdadfadadaiane
IEEEE R XN alpry
/, \\ = s nadsase 244N ¢ d 4444000 ’
=
'( pararaer L AR R R S N LR A EEEEELE
y | 1 Madorov s da41 b vevTTI™
'-. .- P raaalT TN NG @ v re s s ad il vEEYy
do 4 TYFVY IRE W FFEREL AGAASESEEIL Ao 4




Novel Properties of Quasiparticle

I
» Klein tunneling (Katsnelson et al., 2006) >< 7
p*_ =i _"_k e T

v; _____________ W

> Fermi Arc

(Wan, Turner, Vishwanath,
Savrasov, (2011))

Vo

» Chiral Anomaly

(Aji(2011), Son & Spivak (2013))




Topological (Crystalline) Insulators

» 72 topological insulator (kane&mele PRL 2005)

» Mirror Chern Insulator
Ando and Fu, Annu. Rev. Condens. Matter Phys. 6, 361 (2015)

» Hourglass Fermions
Wang, Alexandradinata, Cava, Bernevig, Nature 532, 189 (2016).

» Higher-order topological insulators
Fang&Fu;Schindler et al., Langbehn et al.,Song, Fang&Fang;Benalcazar et al., (2017)

» Quantized electric multipole insulators
Benalcazar, Bernevig, Hughes, Science 357, 61 (2017)

» Nodal-chain metals
Bzdusek, Wu, Riiegg, Sigrist & Soluyanov, Nature 538, 75 (2016).

» Three-fold (or higher) band degeneracies Semimetal
Bradlyn et al., Science (2016)



Semimetal
» Dirac Semimetal

» Weyl Semimetal

» Multi-degeneracy points

» Nodal-line semimetal

» Hopf-line Semimetal



How to find Topo Mater

There are so much topological blablabla

Many topological invariants

> Wave function?!!!

» Need calculate all topological invariants for one
material

Thus find any new topo-mater is a big success



Crystal Symmetry

» Analyzing various crystallographic symmetries

Fu & Kane (2007); parity =2Z2 Topological insulator

Fang, Gilbert & Bernevig, (2012); Slager et al., (2012);
Fang & Fu (2015); Fang & Fu (2017); Zhou et al., (2018)......

Do not use wave-function

» Exploiting the mismatch between the real and
momentum-space descriptions of the band
structure

Kruthoff et al., PRX (2017); Bradlyn et al., Nature (2017);
Po, Vishwanath & Watanabe, Nature Communications (2017)
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Topological quantum chemistry

@rry Bradlyn'#, L. Elcoro?*, Jennifer Cano'*, M. G. Vergniory>»*>*, Zhijun Wang®*, C. Felser’, M. I. Aroyo? & B. Andrei Bemevig&f”@

Atomic orbitals

Atomic limit

k l pTG Induc‘e EBR Representation + Compatibility
vy @Gy, fe
z@ % <«—  k-ptheory
& 47— 3 Graph theory and band structure
iiglie R
Ks o F. = _
Ko o M Connected bands (EBR) -2 Semimetal
5 e ; Disonnected bands (EBR)-> topo insulator
?5 i B ﬁ% Ks — 8 — —5
< (_/ng) K, ._/F'L/' M .
=T e %« »we In total 10403 different EBRs
l Wannier functions l

% S N
< SN ;-\‘_\H
€y ™l e G

Connected EBR Disconnected EBR Topological semimetal Topological insulator




Symmetry-based Indicators of Band Topology in the 230 Space Groups

Hoi Chun Po.»2 Ashvin Vishwanath, 2 *

Band structure (has direct band gap at high symmetry points)
dps

{BS} =kerCnZP ~7%s BS=3 mb.  Quotient Group

and Haruki Watanabe?

Atomic limit

Provide no insight

N =t e ] into how to find or
AT} ~ Z%1 = {Zmz-ai L my € z} Xpg = {BS} engineer materials in
= {AT} any non-trivial class
XBs Space groups
Zo 81,82, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 215, 216, 217, 218, 219, 220
Zs 188, 190
Z.a 52, 56, 58, 60, 61, 62, 70, 88, 126, 130, 133, 135, 136, 137, 138, 141, 142, 163, 165, 167, 202, 203,
205, 222, 223, 227, 228, 230
Zs 128, 225, 226
712 176, 192, 193, 194
T X T 14, 15, 48, 50, 53, 54, 55, 57, 59, 63, 64, 66, 68, T1, 72, 73, 74, 84, 85, 86, 125, 129,
131, 132, 134, 147, 148, 162, 164, 166, 200, 201, 204, 206, 224
Zs % Zs 87, 124, 139, 140, 229
73 % Zs 174, 187, 189
Ziy X Isg 127, 221
Zie X 2o 175, 191
Tz X Tz X Za 11, 12, 13, 49, 51, 65, 67, 69
Zio X Dy X Zsg 83, 123

ZQ X Zz X ZQ X Z4 2._ 10? 47




Our Algorithm

Space group

l symmetry analysis

;

N

General
atomic basis

{a;}

Material-specific
representations

n

N

J

v} linear expansion

n— tha@
i

inspect {g; }

v v

Case 1 Case 2

ANV
/7NN

No topology
detected

Edge_ﬂh S

Topological

3

Case 3

Topological

1 ay

1 : 1 o
n= (u,nkl,...,nf\,’l‘,nk’,...,nk ...,rlkN,...,nf;'_“)

»
2

230 space group
Go beyond one-by-one

Case 1: the expansion coefficients ¢;'s are all integers,
which indicates that n 1s an Al, thus the material 1s e-
quivalent to an atomic insulator;

Case 2: the expansion coefficients ¢;'s are not all inte-
gers, but all ¢;C;'s are integers. This indicates that the
n is a BS and the material i1s equivalent to a BI, but this
system must been topological since some remainder(s)
should be nonzero as shown in Eq. 3, 1.e. the SI i1s non-
vanishing;

Case 3: Not only the expansion coefficients ¢;'s but also
the q;C,;’s are not all integers:

(1) some nj is non-integer which indicates that band
crossing happens at this & point;

(2) all the ng's are integers, then there must be band
crossing in high symmetry line or plane.

Tang, Po, Vishwanath, Wan*
15, 470 Nature Physics (2019)

(crystalline) insulator (semi-)metals



Band Structure

/ Band structure of Si \ o
(SG227) Topological is Global

What is detail:
If nothing pass the Fermi
}f’a.-g level, then all is detail!

I

{

Energylev)

= BZ

-__‘_'_,,"'"r. :
\ r L & ] j (PpF) 48, 341 (2019)

&J 1;?
£ s = -

e X AR A AL PR Trreps
Bands can cross when they
r (0, 0, 0) Gl 42, 5(2) 8(4), 12(2), 13(2), 16(4) .
carry different symmetry labels
X (0, 1, 0 Gi: 19(4)
L (112, 12, 12) | Gl 30 40 62 oM. 100, 12)  Dimensions of the irreps determine
W a2, 1, 0) Gl 131, 140, 15Q0) 16(1), 20Q2) how the bands are “stuck”

High symmetry point, High symmetry line, irreps, ........



Band Structure

Band structure of Si

~

L W X r

PR A Hebr Tireps
r (0, 0, 0) Gl 42, 5(2) 8(4) 12(2) 13(2), 16(4)
X 0, 1, 0) Gi: 19(4)
L (112, 12, 172) Gl 31, 4, 6(2), 9(1) 101), 12(2)
W (1/2, 1, 0) Gl 131, 14, 15(). 16(1), 20(2)

What is detail:
If nothing pass the Fermi level, then all is detail!

» Labels become simple counting!
» Gap conditions above and below ensure
counting is well defined



Atomic limit

@ (b) ©)| » Unit cell has one atom

> One S orbit at this
atom

Wyckoff Positions of Group 2 ( P -1)

230 Space group Multi:licitywmm‘
» Wyckoff Positions |
» Site symmetry ]

1 xy. z)(-x%-y -2)
1 (1/2,1/2,1/2)
1 0,1/2,1/2)

1 (1/2,0,1/2)

-1 (1/2,1/2,0)
1
1
1
»

(1/72.,0,0)
(0,1/2,0)
0,0,1/2)
(0,0,0)

< T | o Q|| - || & =




Wyckoff Positions of Group 227 ( F d -3 m) [origin choice

Multiplicity Wyckoii Site Coordinates
letter |[symmetry (0,00)+ (0,1/2,1/2)+ (1/2,0,1/2)+ (1/2,1/2,0)+
(xy.2) (-%-y+1/2,2+1/2) (-x+1/2,y+1/2,-2)
@ xy) z+1/2,-x-y+1/2) (-z-x+1/2,y+1/2)
¥z, %) (-y+1/2,z+1/2,-x) (y+1/2,-z-x+1/2)

(y+3/4,x+1/4,-2+3/4) (-y+1/4,-x+1/4,-z+1/4)(y+1/4,-x+3/4,z+3/2
(x+3/4,z+1/4,-y+3/4) (-x+3/4,z+3/4,y+1/4) (-x+1/4,-z+1/4,-y+
(z+3/4,y+1/4,-x+3/4) (z+1/4,-y+3/4,x+3/4) (-z+3/4,y+3/4,x+1]

192 ! ! (-x+1/4,-y+1/4,-z+1/4)x+1/4,y +3/4,-z2+3/4) x+3/4,-y+3/4,z+1/2
(-z+1/4,-x+1/4,-y+1/4)(-z+3/4,x+1/4,y+3/4) (z+1/4,x+3/4, -y+3/a
(-y+1/4,-z+1/4,-x+1/4)(y+3/4,-z+3/4,x+1/4) (-y+3/4,z+1/4,x+ 3/
(-y+1/2,-x,z+1/2) (y, %, 2) (-y,x+1/2,-z+1/2)
(-x+1/2,-z,y+1/2) x+1/2,-z+1/2,-y) X zy)
(-z+1/2,-y,x+1/2) (-zy+1/2,-x+1/2) z+1/2,-y+1/2,-%)
(1/8,y,-y+1/4) (7/8,-y+1/2,-y+3/4) (3/8,y+1/2,y +3/4) (5/8,-y, y+1/4)
(-y+1/4,1/8,y)(-y+3/4,7/8,-y+1/2)(y+3/4,3/8,y+1/2) (y+1/4,5/8,-y)

%6 h 5 (y-y+1/4,1/8) (-y+1/2,-y+3/4,7/8)(y+1/2,y+3/4,3/8) (-yy+1/4,5/8
(1/8,-y+1/4,y) 3/8,y+3/4,y+1/2) (7/8,-y+3/4,-y+1/2) (5/8,y+1/4,-y)
(y,1/8,-y+1/4) (y+1/2,3/8,y + 3/4) (-y+1/2,7/8,-y+3/4)(-y,5/8,y+1/4
(-y+1/4,y,1/8)(y+3/4,y+1/2,3/8) (-y+3/4,-y+1/2,7/8)(y+1/4,-y,5/8)
(% X, 2) (-x-x+1/2,z+1/2) (-x+1/2,x+1/2,-2)

(z, X, X) (z+1/2,-%-x+1/2) (-z-x+1/2,x+1/2)

96 g m (X, Z, x) (-x+1/2,z+1/2,-%) x+1/2,-2,-x+1/2)

X+3/4, x+1/4,-z+3/4)(-x+1/4,-x+1/4,-z+1/4)(x+1/4,-x+3/4,z+3/4)

Pyrochlore structure: Space Group 227

Y->16d
Ir=>16¢
O1-=>8b
02>48f



Calculation of Atomic Insulator Basis
Taking SG2 as an example

Step 1:
Obtaining HSPs
SG2's HSP| T X Y Z U T S R
coordinate |(0,0,0)|(5,0,0)[(0,5,0)[(0,0,3)[(5,5.0)[(0,3,35)[(5.0,5) (5,5,
Step 2: Give all the Wyckoff positions. 2 I8 EN H 17
SG2's Wyckoff position |site-group Wyckoff orbits
21 1 (r,y,2),(—x,—y, —2)
lh ' (1/2,1/2,1/2)
lg ' (0,1/2,1/2)
1f ' (1/2,0,1/2)
le s (1/2,1/2,0)
1d C'; (1/2,0,0)
lc ' (0,1/2,0)
11] .ji (U D, 1/2)
la C'; (0.0,0)

TABLE VII. The nine Wyckoft positions for SG2.




Calculation of Atomic Insulator Basis

SG2 11éi nih nfh n}g 11%9 111f 11%30 nie 11%S n%d Iﬁd 11%C 11%C n%b n%b n}a_ n%a
v 4221222222212 212121212
(f{1y1}joj1f{oj1]jof1r{o]1]of|t1t]Oo|L|lO]1]oO
rZlr{ofrjofrjofrjol1|o|1|l0o]1]O|1]0]1
Xij1|/1|lojoj1|1]Oo|Oo|l1]O]1]O]1]|1]O|1]|O
Xil1|lof1]1]oflo|1|1lofl1]|Oo|1]OolOo]|1]0O0]1
yiftr|{t1joflo|f1r|o|1|1]lo|lO|1|1|lO[O]1]|1]O
yittloj1|1lofl1]o|o}l1|1]o]Oo|1|1]0O0]O]1
Ztlt1j1/o0jlo|1l0|1]|O0|1]1]O|1]O0O|1|]O]O]1
Z¥l1|lo0f1]1]0[1]Oo|1|lO]O]1]O]1]O]1|1]0O
gtftrjt1]jol1lojlofl1]jol1|1]jolol1|Oo]1]1]0O
viltrjofl1jo|l1|f1]jof{1]lojo|1|1]|O|1|]O]O]:
Trl1]1/of|1]ol1]oflol1]o]1]1]lO]lO|1]O
T8l 11o0f1}joj1joj1|1|lO]1]O]O]1]|1]O|1]|0O
silt{1]of{1lojlol1r|1]lolo]1]o|l1l1]l]O0|O]|1
stit1yof(1]of{1]1]Oo|lof1]|1]O|1L]O|O|L1]|1]O
Ril1|1]0o]0|1|1]Oo|1|lOofl1|O0o|O]1|lO]|1]O]|1
rRIl1jo|l1|1]olOo]1|O]1]O|1]1|lO|1|lO]1]O

TABLE X. The 17 Al vectors for SG2.

n B ®nl, n2 n., ngnl nd nin3 nl, nd, ni nz ni ni nk nid

The BS can be represented by an integer-valued vector, n =: 2 ( 8 =1 H 17
I oy n ol 2 Qo ro
(R LR 1 S N (TN 1 I 1) S [ 1

7] T 1 QN TN

TR R U '”kN.""=nkN.""=nkN)'



Calculation of Atomic Insulator Basis

We choose our basis such that the values of
C, are maximized: Smith decomposition.

(a)The 9 Al basis vectors for SG2. Here
v is the number of the bands. It is also
called the filling number. Staring from
the 3rd row, we give the number nﬁ in
order. We omit the notation n for
clarity: The first column of these rows
gives the information of the HSP and
its irrep completely.

Ly <2y, <2y <Z4

dps

BS = L m;b;.

=1

Common factors
dy=dgs Poetal, NC (2017)

SQZ d] | d2 |d3 | d4 |Asl| A |AT7 | AR] | A9
vo(4]21212]2][4]4]4]8
Cr(1j1|1|1]1)2]2|2]|4
I3 /1(olojojoffolo]O]|O
Xtit1j1joj1|o}l2|2|0]4
Xalt1]lol1|lofl1)jo]jo|2]0
Yiljt]1]o|l0o]|1)2]0|2]4
yili1lol1]1]o)fo]l2]0]0
Zrl1l1]ojojojjojlo|O]oO
Zyl1lo|1]1|1f2(2]|2]4
Url1(1]1]0|0jj0o|2]|2]4
Usl1lolol1|1)2(0]0]0
THi1j1l1|1]oll212]|2]4
Ty 11lolojo|L{lojolO]O
Sti1f{1{1jof1]l2]2]2]4
Syl1lofloj1|o0]jlo]o]O]O
Ri|1]1]0 1212124
RET1]O]1]0|0}JO|lO|O]O




Our Algorithm

—_ S 1 Jap o1 , @ 1 .
n= (g 1 g o1 )

Space group
l symmetry analysis

;

N

General
atomic basis

{a;}

Material-specific
representations

n

N

J

v} linear expansion

n— tha@
i

inspect {¢; }
v v R’
Case 1 Case 2 Case 3
M Edge \2><
No topology Topological Topological

detected

230 space group
Go beyond one-by-one

Case 1: the expansion coefficients ¢;'s are all integers,
which indicates that n 1s an Al, thus the material 1s e-
quivalent to an atomic insulator;

Case 2: the expansion coefficients ¢;'s are not all inte-
gers, but all ¢;C;'s are integers. This indicates that the
n is a BS and the material i1s equivalent to a BI, but this
system must been topological since some remainder(s)
should be nonzero as shown in Eq. 3, 1.e. the SI i1s non-
vanishing;

Case 3: Not only the expansion coefficients ¢;'s but also
the q;C,;’s are not all integers:

(1) some nj is non-integer which indicates that band
crossing happens at this & point;

(2) all the ng's are integers, then there must be band
crossing in high symmetry line or plane.

Tang, Po, Vishwanath, Wan*
15, 470 Nature Physics (2019)

(crystalline) insulator (semi-)metals



20tZ,

or

TABLE I. We focus on the following space groups (S§Gs), in
which a strong topological insulators generate a Z4 subgroup
in the group of symmetry indicators, Xpg. The entry 2 € Z4
corresponds to various kinds of topological crystalline insula-
tors, and the predicted materials candidates for such phases
are tabulated.

XBS :’Z% X Z4 Z% X Z4 :’ZQ X Zu_l Z4

SG 2 11.12 166 [61,136.227
Materials| AgaFs |3-MoTes,BiBr| AT7-P c-T1S9




Topological Hinge states in 3-MoTe,

(SG 11 (P2;/m).

a-phase:

B-phase: room temperature
Monolayer—QSH (Qian, Liu, Fu & Li, Science 2014)

y-phase:
Type-1I Weyl Semimetal:

Deng et al., Nature Phys. (2016)

Tamai et al., PRX (2016)
Huang et al., Nature Mater. (2016)
Jiang et al., Nature Commun. (2016)

No topology Topological

detected (crystalline) insulator (semi




DFT results of B-MoTe,

» 2 inequivalent Mo's and 4 in-equivalent Te's
» all occupy 2e Wyckoff positions.
» total 12 atoms (56 valence electrons) primitive unit cell

2>v=56 SG11

TABLE I. For §G11, the HSPs are given by the labels I, B, ... in order. For the labeling of the irreps of G(k;), we use (7, m)
where j means the jth irrep and m denotes the dimension of the corresponding irrep. They are all listed in Ref. [2]. We use
the same order of the irrep as Ref. [2]. The red color means that due to T, the irrep must occur with its 7 pair (belonging
to the same irrep) simultaneously. Thus 7 requires that the red colored irreps must happen even times. So it is necessary to
divide them by 2 [1] to obtain the physical common factors.

HSP r B Y A C D A E

irep (LD 2D G D@D (LD D@D (LB @D (L) [ (LoD G0 @D (1L.2)
ni: 16 | 16 | 12 | 12 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14 | 14

DFT n= (v, -;1}1{1_.-?1.1{1_. NN :-1111(2: nﬁz. Cee
e 1 o2 aN
M s e s Mg s Mpgs - o3 M s+ = )

n H @®nl, n2 nd, ni nk ng, nd, nd, n, ng ng, nd, ni, n, nh, nA, nZ, ni, nk, nte

n=(56,16,16,12,12,14,14,14.14,14,14,14,14,14,14,14, 14,14, 14,14, 14)



Expansion of 3-MoTe,

(b)The 5 AT basis vectors
for SG1

)
w
o]
W
)
o

Cl:Cf2:1,63204:2Ta11C1C5:4

ZQXZQ><Z4

(i R e B an Bl oo B ao [ ao

I
[Sw]

n = (56,16,16,12,12,14, 14,14, 14,14, 14,14, 14,14, 14, 14, 14, 14, 14, 14, 14)

1
= 12a; + 2as +as + as + 535,

N O OO0 oo oo oo

I
o

(192, q3-q4.q5) = (12,2,1,1, 1)

I
Lo
oo Cc oo oo

o o o
I
(]

I
[RV]
|

W N\

ST (0,0,2)
2 € 7y 20fZ4

1

Lo
1

[}

!
e
g e G S g
I

=N N
oW
SN




Topological feature of B-MoTe,

K1 = E ('}?—'_ — T )/2 11]_{:}{:1 _l Z. Song, T. Zhang, Z. Fang, and C. Fang, ArXiv e-prints
k k (2017), arXiv:1711.11049.
keTRIM E. Khalaf, H. C. Po, A. Vishwanath., and H. Watanabe,

ArXiv e-prints (2017), arXiv:1711.11589.

ke TRIM|I' | X |Y | Z|U|T|S|R

ny 1614|14]14|14|14|14|14

Ny 1211414141414 14|14

n, = is the number of the occupied even/odd Kramers pairs

For this compound, 2 of Z,=> mirror Chern/hinge states

WIEN2K= mirror Chern number for k. = 0 and k., = 7/c
They all vanish

So hinge state!



Hinge state from TB calculation

g
i e . , of Ok -
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A ye
1 ',' \.';',
0.0} Pls=-ANP - immnmsclsomuninsmmitssnsnsised W
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05} |

E(eV)

[ "
' o s
[ .
.
, .
)
v Pt
W v '
Yo
T
o \./5\\
WA Y a
W ral

rB b Z Cc D

0.05;

20, £ | 0.00}
[ A 1.06/Z7

i1.04]

1.02 ""

1.00'

L

-0.05

- 1.60 1.65 1.70 1.75 1.80 1.85
01 Had been confirmed by

s 10 .. /% Wang, Wieder, Li, Yan &Bernevig,
arXiv:1806.11116 (2018)




BiBr:
Coexisting with Hinge State

SG12 (C2/m)

TABLE III. For SG12, the HSPs are given by the labels I', A,... in order, and their coordinates can be referred to Ref. [2].
For the labeling of the irreps of G(k;), we use (j,m) where j means the jth irrep as listed in order by Ref. [2] and m denotes
the dimension. The red color means that due to 7, the irrep must occur simultaneously with its 7 pair which belongs to the
same irrep.

Dirac Surface Sates

HSP r A Z M L V
irrep [ (1,1)](2,1) [ (3.1) | (4,1) | (1.1) [ (2.1)|(3,1) | (4.1) [ (1.1) | (2,1) | (3.1) [ (4, 1) [ (1. 1) | (2.1) | (3, 1) | (4. 1) | (L.1) [(2.1)|(L.1)](2.1)
nﬁ: 18 18 14 14 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16
(¢)The 7 AT basis vectors for SG12.
Sg12 ajl |az |ag|d4f as |Ag | AT
ZQXZQ><Z4 v | 4]4|8]2]4[8]=]
' [ 1]|2]-4|1}-2]4]|-4
n— (64, 18,18,14,14,16,16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16, 16) E? i é 61 é '02 é 3
3
1 ! f1lolojojololo
= l4a; +232+233+234+af3_§a7= Al | 1lola]olol2la
DOS(states/eV/cell) A% Lpog-110p 09274
- AL 123/ 11-2(2]0
il 3
BI Df (002) AL 123l 1)-2]20
' 12} Zil1]jo|-2{1010]2|-4
Zy [1]lo|-2/100|2 |4
= Zr i 2(-2l0)-2l2]0
Zy 122100220
. M |1]2|-3[of-2]40
. M |1]2]|-3|0)-2]40
ME{t1]o|-1|1)0]0 |4
i Mf | 1|0[-1]1f0[0]|-4
Li | L|1|-1]1f-2]0]0
5 Ly [1]|1]-3{0f0]|4]|-4
0.237eV vililt1]lolofolo]|o
. . E(eV) Vit ]-4a|1)-214|-4
-0.5 0.5




Topological states in BiBr

~H,-’f;’ ' A\l T/ \ N

0.5{ 1 \ /

— 4 —
AR T (M i — 1 EE—
L FTR, /f’- \b{‘ / i

0.05 V
k3

0.00

EieV)

-0.10

» Mirror Chern number =0
» Hinge-State + Surface Dirac State  Confirmed by:

> TB%topo-feature Hsu C H et al. 2D Mater.,2019,6:031004



Non-Centrosymmetric Strong T1 in AgNaO

» Inversion = Fu-Kane parity criterion

» Non-inversion =2 calculate Z, invariant

SG 216 (F43m), which are non-centrosymmetric and contains S4

Expansion—> be insulators with the SI 1 Z>

1.0
0.5
= 0.0
2,
LLJ
-1.0

-1.5

e —— gy

s(d) band is mainly above
(below) the Fermi level.

band inversion near the
Gamma point,

results in an S, invariant



Other 2 €74 Materials

» Cubic crystal TiS2 (SG227) 1s a glide-protected
TCI with hourglass surface states

» Elemental phosphorus in the A7 structure
(SG166), which occurs at about 9GPa, 1s predicted
to be an mversion-protected TCI with 1D hinge
states

» Ag>Fs (SG2) 1s a weak TI with additional
inversion-protected band topology characterized by
the invariant k=2



E(eV)

Strong T1 Found by 1,3 of Z,

TABLE V. Table of centrosymmetric STI candidates discovered by 1,3 in Zy

SG Material XBs | (vo; 1, V2, 1v3) | K1
2 CaAsg [17] |Ze x Za x Za x £4((0,0,1,1)| (1;1,0,0) 1
166| BioPbTey [18] Fa x Ly (1,1) (1;1,1,1) 3
166 |CaGazAss [19] T x Fy (1,1) (1;1,1,1) 1
CaAs, b CaGa,As, C Bi,PbTe,
| 2
N

VUV v “\/\/\U/v \




Dirac Semimetal MgBi1,0,

S5G136

Expansion = case 3

So topological Semimetal

0.4
Ag
02| A,
> 0.0
v
-0.2 i
~0.4 *
= ‘

Space group

symmetry analysm

e)The 8 Al basis vectors for

v
{ad Sg136 al |az|Az |Ag | A
+ linear e)cpansmn 8 8 8 '4: _48
n=> ga F% 11212]1[-12
; inspect {g: } r% J. U 2 J_ -8
v ) 'z |1/0/0(0]0
Case 1 Case 2 Case 3 2 ;
I L12]010|-4
. NP [ £ I O I
o topology Topological Topological 5 ) ) )
detected  (crystalline) insulator | (semimetals | /{3 17112 0]|-8
' Kjf 1]1]2]0]-8
Kt 21212112
1’;* 21221 (12
K{ |1]|1]1]0]-4
K |1]1]1]0]+4
K |1]1]1]0|4
I’i 111|004
| Kiol1|1]1]1|-8
. Ké 1{1]1]1]|-8
11 K7 [1|1]1|1|-8
P KL 1|11 ]1]-8
/-/ | K2 |2)2(2]1 12
/ . K3 |2|2]2]1]-12
Z




Three-Fold Degenerate Fermions
» AuLiMgSn (SG216)

» DFT- n,“ are all integers thus there are finite direct
gaps 1n all the HSPs.

» However expansion on the SG216's Al basis vectors
shows that they cannot constitute a BS at all, namely
case 3 in the main text

1.0




The Nodal-line Semimetal Agk:

(d)The 3 Al basis
vectors for SG61.

SG61 |ay |az| as

‘)11 19 13 ! v

2 0 2 0 4

az

8

1

110

112

112
X? |4|2|-8
X2 [4]2]-8
ZF | 4|12|-8
ZZ (4|28
U2 12114
U3 12114
T2 214
T3 (214
S2 12014
S3 12014
RI [1]0]0
RY [1]0]0
R 11]0]0
RY [1]0]0
R [1]1]-4
Rg | 1|14
RY [1]1]-4

1)1




Comprehensive database searches

» Around 180000 compounds at ICSD database
» Consider stoichiometric compound

» Do not consider 3d/4f/5f and several 4d/5d element
—219143 compounds with SOC+time-reverse symmetry

» Highly efficient (main jobs is around 1 month within
a cluster 28-node/one-node-32 CPU core)

GGA calculation
Check by MBJ calculation

E
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50 Xps Topological insulators
2 I3 » £y | Ag04S[3].ApoFs[4].AsaCha[s, 6], AsaS1[7, &, Bi[0],Brs W[10],CaMosSs[11],.CaPa]8, 12]
11| T xLs | BEeLi[13].GeHIPd[14] ] 15],Moa8a[16], NbPta[17], NbaSea[18],Sea Tas[18, 19]
Ag:KaSea[20], Al Geat 1], AlsMoa[22] As 3, 23], AsaSr[B, 24], AuaPa[25] BaSha[26]
12| ez BasCdaSha[27], [}m[]ga(} aPdy[28].BasLias I'l4[30], Ba11BiiaCds[31],BiaPha8s[32], Biz Pd[33]
2 BiyPbsSeya[34], BryCsalaPd[35],Hiza SnaSr[36], Nbe PdSs[37] Nba PdSg[38], Nba PdSec[38], PaSr[39]
PdSe," ]a)|’-=ﬂ| PtSe; Tag[40]
14| Io =Ly | Ag2Te[dl, -
51 T3 x By AlPt,[43], .-\u[']t:g[-l-l]_ AngHby TI[45]
55| Faxiy AlzBig Cas[46] BigIneSr [47]
57| EIxEa | STag[48]
58 Ly BiaHiT49],5:Ti[50]
50 Ta x g AgySB[51], AuCsyPhy[53], AuPhbyRba[52], AuRbySn,[52]
60 Ty AuaPh[53, 54], DaPb[55]
61 T \u‘m; .>r>| BigPt[57]
! \s2HI[50], As2 2160, 61],Baa Pb62], Bas Si[63, 64],CaaGe0[65], CdGeSr[66], CdNaSb[57,
GaPtY[T0],GeHIP1[T1, 72],GeMoZr[73],GePdZr(74, 75).GePtir[7s,
62 T '] GeaInLiSra[78],GeaMo[79]
( 2y V 80, HINbP[81],HiPP; [82], HISi[83], NNag[84], Ny Thy [85] NbPZr[86], PPLSc[75, 87], Py Ti[88]
ler|*-f} PhSra[00, 91].PdSiTi[7s, 92], PASiZr[93], PtSiTi[75, 04] PLSiZr[75, 94],8bg SrZn[95,
06] 8iSr[07], 51 Ti[98] 8i%r[08]
63| Ty x Oy ‘\g‘:gla|f}—| ATBMo[100], ATEWT100], AlaBaSia[101], AuCTTeo[102], By WY a[103],Baln[104].CaSi [105]
2 Ga[106].GeNasZn[107], HIPd[108],Hf Tes[109, 110].PdZr[111]
64 | Io x Ky | As[112], CoBaMg[113], TiTI[114]
65 T xE Aga Tea T[115], BagGeg[116]
60 [ F3 x Ty [BeoZn[l17]
71| F3 = & | AsLeTi[118] BraCasSi[117]
72| Taxly BraHgs(4[120]
BT [ Ty xEy AsyMoy[121] HigTey[122],5e4 Tix[123], Teg Zrg[124]
114 F2 PdyS[125]
121 Ta AgaSaSnin[126]
122 I As2CdGe[127],As2CdSn[1258], AsaSnZn[129],CdShaSn[130]
128[ 2 x Ty x Tg | BaGea Mg [131], BiL[132] BiNa[133],CINaa [134] CTNaa[134]
127 E4xZz | BaY[135],CslaSn[136, 137], PiaSi[138]
120 5 < I, HiSba[139]
136 T A gy CsSes [140], Agy CsTeg [141]
130| 2 x 2 Aga Tl LJ] AusHI143] Aua Zr[144] BaCdaGea[145], Baliea Mga[146], Beia W [147]
BiioCaqi [148].CaCes Zna146] Cda Gea8r[149] GeaSrZna[150) HiaPd[151].InPda[152] Pd7ra[153]. Pda Ti[154]
140 Ey x Ey Bialng[155] HEz51[156] Tn:Sha [157],PhaPt[158] Sc[159] STZra[160],5ha T1[161],5iaSrs[163], Sna Sry[163]
AgaO[164], AsaGey [oh|JD"| AsyC i, [in‘aru|JhT 168], Be[169], BiaLia Y[170],BiaMga [171, 172]
- - B]f\]"b}‘*{‘v 173, 1 i CeKaNgPtSs[178),CeNgPtRbaSg [178
164 Lo xfa ¢ = 15 N .lmrm] [M_]Pd](n[m lle<:||[’1'J'02|J’<[i_
ShaTea[188].5iTes le*'}|
CslGay [l‘]t]] ClzNay [1-;|in1| Ca Kb[192],PrTe[193], Pty Te,[193],5Ti[194],5eTi[195], AgGeLis[196]
As l‘]e<| AsyCaGao[199]
AseSngSr[201, 202],BiaGeTes[203, 204], BizPbTes[205],BiaSeTes[206, 207].BiaSes[208,
166 Hox B l'](‘:; 213],C5 Tis[214]
] '.:[’b; [221]
|, ShaSe’ [on[zzn
191 dg ® Lo
193 L2 .
194 . AgSbSr[240], AT AlHI247], AuBaBi[243],Ca Al Taa[244] CacIN[245]
e MgPo[246], PbP[: ."arz|‘1x BeHfSi[249
216 s AgKO[Z50], AgNaO[250], AgORb[Z50], HeS[251] InN[252] N TT [253]
AlSc[254], ATY[255], BeUa256], BeSr[256] BeT1[257]
221 EaxEs BraCsGe|258], BraCsPh[259] CalaSn [260]
MgPd[261] PbSe[262],Sn 3]
223 Ly BilNba[264] NhaSH]2 bTha[266, 267]
225 Za BiY[268],CPd[269],CZr[270].Li,MgSi[2r1], N, Pd[272]
227 Zy CTia[273],5e[274]

TABLE 1. The list of all the Tls with relatively clean Formi surfaces discovered by GG A caleulations: when the MBI calculation
doesn't change the band topology predicted by GGA calculations, we print the material in blue, while the red color means that

the MBJ calculation results in a topological crystalline phase.

List 258 good topological
insulator
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SG Xns Topological crystalline insulators
2 T o g CsHg[275], HgK[276]
11| 22 x Za | BaSha|277].MoTez|278),5b25r[279]. 502 Ta]280, 281)
ATy Clyy Ay o[ 282 1'] Al \nq[’m‘:r,,|‘>~{ 'awr.‘wh|‘>~1 _JH:| '-.lu[a[«‘m 286], Asy Mog [287], A5 Wy __-.HH
12| I3 = E, 'I.&.a_]%&g.r’m 280], Bas CdaSha[200], BiBr[201] BiHf2[292] Biz 1 Te[203, 204], CdKsPhs[295],ClZr [296]
ClaNScr |”T \h[’-'- |298] ,NbSba[299], L.-hx]a 300, ![]I_ Se 1 [L,[![]?_ Tag” Iu_g|il]i_
51| I3 x iy | Caliy[30d],CdMg[305]
55 g W g CUasGazShe[306]
58 iy BigRb&;[307]
50| To =By | BrNTia0E]
62 4 HgSr,[300],Pd5i[310], Fdsn[311]
- BaGe[312],BaSi[313], BaSn[314] BaaPhs[315].Bas CdaF5be[316], Calie[317],CaSn [318]
63| fax & | (4 PShySrs[319].PbSi]320],SnSr]321]
64| I xE&; |CasGasNa322],L1[323]
65| ZixZi | Au-Bha[324]
60 2 x Iy GogLiabry[323]
Tl Za x Ly BazBiaLi4[326], BaalLisSha [326]
BT | o x s AuyTi[327]
a8 g 04 PbPds[3258
123 Za » La x La| ASaUsln,[320], As;RDZIn,[329],CPd,5n[330], Pd;on[331]
127| 24 x Zz | BaCa|332]
| AsCeND[333].CelISEa4, 335),GelliSa]334, 335],CeHTTe[334, 335],CeNGSb[336],.GeSZr [337]
129) #ax®4 | GeSerr[334), HESSi[334, 335] HfSeSi[334, 335].OSZr[334] SSiZr|338) SeSiZr{338] SiTeZr[338] SnTeZr[335]
137 4 BasLiN[339)
AsHay[340], AsCaz [341]
139 E2 x Es HH‘»H]H]" BasSh[343], H..qu]%nu[tll BiSra[343], BiaFaO5r2Tia[345], BraCaaSi [346]
Caln[347],F205haSraTia[3458], Hfz Hg[349], PdaSiaSr[350],5b5ra [351]
140 Ly ® g H]l{__" GePis]3s ! | !.{Jl’l_ﬁ.-':-q
164 Zo x Ls | BaSia|355],Bi1e[356), Bia Pba Tes|357, 358], BizSez|350], Bizs Tez [360], HgPta5ea|361), Tes 21 362]
B2Mo[363] BaaOaSca[364] PtaTe[365]T u’r,|~'.nn 1 NaTeodrs |-'.n Az CdyK[368]
166| Ty x %y | AsaCd4Na[368], AsaCdaRb[368], |ai|-m BisSea[370, 371].BisSea[372]. BrZr[373],CNbaSa[374],Ca AleNa [375]
ClZr[376] He[377],P[378] PdaS2 Ty [379]
TB7| T x Ty | BraCasSi[3s0) CHI[3S1] InNES,[352, 383] [nNbSeo[383, 334 NV[385]
- - ApAsCal3Bs, 387, ApCaP[187, 388
189 ZaxTZa | Gopivissy . [ I
T01| Zg % Ziz | B2Cal300], BaMg[301]. Ba T1[302] B2 Z1]303], Beiz T1304], Gazor|305]. PdsSr]306]
193 Zia Phs 521,307
194 Za ATLi[398], AsHgK[300, 400] . B.W[401], Be[402],CT403],CdNasSn[404], HgKSb[400, 405],5nTia [406]
| CPbPd;[407],CPt;5n[407],CaPd[408], Cag GeO[407, 410],CaOPB[A10, 411, HIPd,[412] HgPt,[413 NT TT
21| LixZs | Ny[415] PbPra[416].PtaSn[417),PtaZn]418]
995 T AsSc[419], AuaInSc[420], AuaIn'Y [421], Ba[422] Bila[423] BiSc[424] _
: CPt]425],Ca]426], PbPo[427, 428] SSn[429],5bSc[430],SeSn[431], SnTe[432, 433]
227 4 MoaO+ Y2 [434] 52 Ti1[435]

List 165 good topological Crystalline insulator



3G

Topological {somi-jmetals

11 | BraTeW[436],CBrHgNS[437], LirSna[438] MozS25h[430]
51 | AuCd[440], AuTi[4#41]
52 | ApeBilda[442], BiaSra[443]
55 | AlsPds _-l-l-l].i\]g]‘i;_-l-l-":l].|1C]gbl’f.{[-|-|fi]. BiyCrgCd, .-HT]. BigUagfn, _-l-Lﬁ].Bi.g(.!d,gb]’g_-l-LT].Il'l,r;Sm\.f4_-l-l'.]]
57 | AlCaPd[450], BiK2Sn[451]
58 | CenK[452]
59 | ApaSn[4a3]
60 | FyNaTi[154]
61 | Aplal455]
Ag AuFr[456] AgFaR[457], ATPta [458]
62 BiaCax [45%], BiaSrs [460],CasSha[461]
GeNbaTes[462],GePds Y[463], NaNba[464] NbaSi[465]
PdSbZr[466],51Tas Teg[466]
a3 AgCa[467], AuCa[468], BiZr[460],  GazPdSr[470], Cagdra[471], GeSc[d7Z], GeY[473[,
HiSb[474] K304 Pda[475], Ka04 Pra[476] KaPa[477, 478], NsNaTaz[479], PdY[480],SiY[481], SraTls[482]
64 | AgUsol a[483], AnyoCraIna[454] Bi[485, 436]
BT ]lﬂg]]‘l_‘|-15.‘E‘-J_|.In_1.]1[]|_—.S{',1|-15.‘E‘-5.‘E‘-|.|]LjlJ{]’J}_-LB‘.]]. I)Ll-lbig[-”;[]]
88 | Al Pta[191],CsF 035493, Ges Pda, [193]
AgPPtg[404] ATPP 1, [404], AsInPdy [195], AsPd; T 496]
AsPtz TI[496]. Ay BaPd, [497], BaPs Pdy[498], CaP bl409]
CdPd[500],CdPds Se[s01),CdPt[502],CdaZr[503] s
123) PKNbsO5[504]). HgPd[505], HePdsSe[506], HgPt[507) Hza Pt[507] List
InPPds[508],InPPts]508], PPds T1[508], PPts T1[508]
PdTi[509], PdsSeZn[510],Si8r[511],8r[513]
AlScaSia[513],AusCas PH[E14], AuaInY2[515],. Ba Taa[516]
127 BaW[517],C2B2Y[518],GasMgSca[519], CaaHee[520]
GagNba[521],GaaTaa[522),Ges Hf3[523], HEaSra[524, 525
InPda ¥ 2[526],Ins Tia[527],LiSia Y2[528), PbPda Y2 [520]
120| AgMgSb[530], AsNb5i[531] AsSiTa[532], BalMgSi[533] BIKMg[534], GeTeZr[535] MoNTw[536]
130 AlMgySia[537],SeaTls[538
131 OPd[530]
136| AlNDg[540], ATTag [541], Bip MgOg[542], O, PB[543, 544],05 Pd[545],05P1]546]
137] AsaCUda[547, 548] BiaSea[549]
:'\]3;2(.!&(;(?-] |-'| 5 []| 5 ."\f,"g G E?‘-]E}[ | 5 FI[Jl. .-ﬂgghlgbr_:'::': l].."L[’.‘:gb]’lq br[:‘::‘:'.&] A lg|1a5}12|.-':.-'Jli]..-ﬂlgllthr_:'::':- ll.."'l.]:lN b[-'_J-'-:I-G]
130 AlaTa[556], Al Zr[557], Al Ba[558], Auy CaCdg[559), BaBiy Cly Og[560], Balng[561], Beya Pd[362], Bey o Pt]562)
CaGaa[563],CanSbio[564].GaaNb[565, 566],GaaTa[567).InaSr[568], PtaSh[569],52Ti[570].5b10Sr11[571]
SiaW[572],ZnZra[573]
ApCaF3[5T4] Agly RB[E74], Aglng [575] ATZra[576], AuSe; T, 577, AuTl[5 78], Auy Cdg [579]
AnyIngK[580], AuyIngRh[580]
BGesNbe[581], BMoa[582], BTas[583] BTia[584), BWa[585),Ba[586], BeTaa[587],BiaIng Pb[588]
140 CagPg[589],CagSia[590]
Csaln(4]501],GaHfa [592],GaPta[593],GaZra[594], Gas Pd]595), GeHfz [596], GeaMos [597)
GegNbg [598],Gea Wy [500], Nbs SiSns [600]
NbySiz[601],PbaSrs[602], PdT12[603],5Zr=[604]
Sig Wiy [605],Sr[606], Teg Tl [60T]
163| AIFLiPd[e0E]F GaLiPd[609], IngPra[610]
164 AICT[E11],CSea [612],CaHg, [613],CaSbe Zng [614] Ol Ti[615] HiTeg [616, 617 He,Kq [618]
HeryRhba[618],0Ti2[619],SbaSr¥ng[620],5e2T1 [621]
BaPha[22], BeirHia[623], Berr Nba[624] Bear Tas [523), GeTe[625, 626].PhaPdaSa[627]
166 PhyPdsSeq [628].Po]629],5bSn [B30]
AglInSeq |631], AsaNaZing [632], Biy Tea[633],Ca AlgN, [634], Cd, KP;3 [635], GeP3[636].InaSe; [637]), PdaSeq Tlg
[638], AgaShaSr[639]
167 AlzMo[640],Css Gan [641] FaMo[642] FaPd[643] Fa Ti[644] . In11 Ks [645]

K5 T111[646] MooS1 1 Tla[647], NPda [648]

489 good topological Semimetal



ApCdaFaoHfa[649), AgCdaF a0 Zra[649], AxMoaSes [650], AsNbaTea[651]
CsMuogS;[652],CaMog Seg [653], CsMog Teg[654] InMogSe, (655, 656]

176/ InMozTe[655, 656],KMogS,[655], KMoy Ses[655, 656], KMo, Tog[656, 657], LiMogSes[658]
MuozNaSea[655, 656], ['L'[[]:;\Fl lesz[656, 658),MozRbSa[655),Moa RbSes [658, 659)
"l.lc:l'gﬂb'I'f'3|LrLr[J| MoaSeaT[656, 658],MogSes Tlz[661],NbSea[662]
AgN[663],CLiNaO; [664], CMo[66s], CPt[666], CTal666] CWI]GET]

187 ]]'I‘\; [H[f:f:‘ﬁ] ]]'I":E' Tal m:']] 1'I.fliJII"'|LH[J| [\[\h [H ]| [\.I’l:l 672 NWI[ET3]

"| 1[f:|‘:-] Ie.r’]'[f:-uJ]

188[ [;Lisc[6R0]

ATHIP[6R1] ATPAY 682 Al Zr[681] AloHi: Pe[683], AsPda[684]

AulnY[685], GaPtZr[681],GePd5c686], GePds[687],GePta[688] InPd Y [689]
InPtSc[690]. InPrY [691] MgPdY [692]. N Ta[693], PATTY [694], PAY Zn[695]
Pd,Si[696], PtShy Zrg[697], Pty Si[698]

190| ATHIP[600], ATPtAr[700], BaGaaPte[701], GaHIPd[T02], Gal'tZr[703] LisSb[704], PdScSn[T05]
AusBalT06], Aug K[707], Aug RB[707], B Mo[708], Balias [T09] BaPd, [710], Bes HI[T11]
191 | BegHf[712],Bes Zr[T13],CalGas[714],CaHga[715] HI T16], HfaNaTa[717] Hg[T18]
LiNNag |[719] NNaa[720], NOTa[721] NTa[722], "I-g'la[tz[ 23], NaTaZra[723] Ny Thaa|724] 82 Ti[725]
ARIng 15 [726], AEP Dy Zrs[127], AR ATy [ 128], AlSTiz 25 [729], Al H [730]
AlgHEsN[T31], Al Tag[732]), AlgFirg [T33] Al Frg [T34]

AsPbaZrs[735], AsSbaZrs[736), AsSna Zrs[T37), AsaCas [ T38], AsaSrs [ 739
BNbgSia[740]),BSnaZrs[741] Bag N[742] Bas Bia[743]

BaxSha[743), BiaSrs[744],CSbaZrs [745].C8naZrs [T46),Cas Sha[747],CdPha Zrs [ T48]
ClaTi[749, T50],ClaZr[750, 751].GaSnafrs[752],GasHiaNba[753]
GaalNbs[754],GaaScs[T55],Gaa Tas [756], GaaNbs [T57].Gay Tis[758]

Gaydry [758],GePby Zry [759],Geg Moy [T60], Gey Nby [T61]

GegSey[762].Ces Tag [763].Ceg Y5 [764] Hil3 [ 765, 766],Hf;ShaZn|767] Hi;Sis[765]
]va"“‘»na[Tf:J] HfSny[7T70] HEaMes [T71] IaNb[T72]

L=Ti[773, 774]1aZr[775] InPhairs [7T7T6] KaNbg Qo [777]

Mo Sia[778], NSnaZrs|7 779, NeMbs [T30], NeTas[T51]

NbsOPta[752],Nbs PSis[783] NbsSia [784], PPbaZrs [ 785]

PSnadrs[786],PaTis[T8T),Pba Shirs [T88], PhaScs [T89]

PhaSeZrs[T88),PhaSiZrs [ T88], PhaSnZrs [738],Pha Ys[ 700]
S8baZrg[T91],58n5 71, [T92],8ba Sifir, [T03]

ShaSrg[T04] Sty Zrg [ T95), 5050, Ly [ T96], 5150 Zrg [ TO6]

Sia Tas[797],512Y 5[ 798],.Sna Lrs[799]

Tang, Po, Vishwanath, Wan*, Nature 566, 486 (2019)
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Symmetry indicator

» TaAs family

Weng, Fang, Fang, Bernevig, & Dal, PRX (2015)
Huang et al., Nature Commum. (2015)

» Magnetic



Conclusion

dWe propose a highly efficient method to
explore topological materials

What one need to do is to look the expansion

coefficient!

dWe propose numbers of new topological
materials.
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