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拓扑

朗道相变理论对称性、序参量

1980





Chern Number

• 2D BZ是一个torus，它组成的曲面包含的
monopole的个数只能是整数

Chern Number



SOC

Z2拓扑不变量

时间反演对称

Z2 Topological insulator



Topological invariants in energy band

Chern number in T-symmetry breaking 
system

Z2 topological invariant in T-symmetry 
invariant system



Relativistic Quantum Mechanics
Klein-Gordon equation 1926
相对论+量子化

E2=m2+p2



Relativistic Quantum Mechanics
Dirac equation 1928

 Dirac representation



Relativistic Quantum Mechanics
Dirac equation 1928

 Dirac representation
在静止系，Dirac方程对角化

 Weyl representation



Topological Insulator

Bulk insulator
Topological protected surface state

Mass term in Dirac Equation change Sign 



Bulk-boundary correspondence

Weak topological insulator

Strong topological insulator

Z2 invariants (γ0; γ1,γ2,γ3)



Justify 3D TI

① Surface State Electron Structure

② Adiabatic Continue Band Transformation

③ Band inversion

④ Calculate Z2



Calculate Z2

With inversion symmetry
Fu-Kane theorem (Fu & Kane, 2007)

Without inversion symmetry
directly calculate Z2 

(Feng, Wen, Zhou, Xiao & Yao (2012) )



周期表



Topological Crystalline Insulators
Spatial Symmetries



Mirror Chern Insulator
Ando and Fu, Annu. Rev. Condens. Matter Phys. 6, 361 (2015)

Hourglass Fermions
Wang, Alexandradinata, Cava, Bernevig, Nature 532, 189 (2016).

Wallpaper Fermions
Wieder et al., Science 361, 246 (2018)

Higher-order topological insulators
Fang&Fu; Schindler et al., Langbehn et al., Song, Fang&Fang; Benalcazar et 
al., (2017)

...

Topological Crystalline Insulators



arXiv:1708.03636

bulk (d)d-1, d-2, d-3

Second order



Dirac Fermion in Condensed Matter
Massless Dirac Fermion 

K-point at BZ of Graphene  (1947)

2004, 2005



Dirac Fermion in CM

symmetry protected degeneracies

 Four dimensional irreducible 
representations at high 
symmetry points of BZ

 Linearly in all directions 
around these points

Massless Dirac Fermion 3D



Dirac Fermion in CM

 Two bands along high symmetry lines of 
BZ belong to different two dimensional 
irreducible representations



Dirac Fermion in CM



磁性体系工作—大难题

有阻挫

烧绿石晶格结构A2B2O7有磁阻挫，定其磁结构是一大难题

有磁结构导致的金属绝缘体转变
Cd2Os2O7
Mandrus et al., PRB 63, 195104 (2001)

Singh, Blaha, Schvwarz, Sofo, PRB 65, 155109 (2002)

Os原子在子晶格通过四面
体共顶点连接。当最近邻
Os反铁磁排列时，有强大
的几何阻挫因此不可能发
现磁结构



烧绿石结构铱氧化物A2Ir2O7(A=Y,稀土元素)
实验事实

N. Taira, et al., (2001)

MATSUHIRA et al., (2007)

U !!!

这些材料表现强的磁响应

实验定磁结构不容易

基本没有能带计算的工作



磁性基态构型

All-in/all-out非共线磁结构

• 根据:

• 1) 有转过去的趋势

• 2) 此构型是我们计算的唯一稳定的磁构型

• 3) J(q)在q=0是极大

• 4) 没有Fermi surface nesting



实验证实

//



All-in/all-out非共线磁结构



Y2Ir2O7

U

U=0 U=1.5 eV U=2.0 eV

+
-
-

+

-
-
-

+

Correlationband structure evolution  

enlarge

LDA+U method

Wan et al., (2011) +U calculation

All-in/All-out magnetic order



Weyl Semimetal

Wan, Turner, Vishwanath, Savrasov, Phys. Rev. B 83, 205101 (2011)

Y2Ir2O7



Fermi Arc (费米面是不连
续的线段)

k

Gap



Weyl Semimetal

TaAs:
Theory: 
Weng et al., PRX (2015)
Huang et al., Nature Commum. (2015)

Exp: 
Lv et al., PRX (2015), Nature Phys. (2015);      
Xu et al., Science (2015); 

…….. …….



3D view of the nodal rings (in the absence of SOC) and 
Weyl points (with SOC) in the BZ. Once the SOC is 
turned on, the nodal rings are gapped and give rise to 
Weyl points off the mirror planes

Berry curvature 
distribution



Novel Properties of Quasiparticle

Klein tunneling (Katsnelson et al., 2006)

Fermi Arc 
(Wan, Turner, Vishwanath, 
Savrasov, (2011))

Chiral Anomaly
(Aji (2011), Son & Spivak (2013))



Z2 topological insulator  (Kane&Mele PRL 2005)
Mirror Chern Insulator
Ando and Fu, Annu. Rev. Condens. Matter Phys. 6, 361 (2015)

Hourglass Fermions
Wang, Alexandradinata, Cava, Bernevig, Nature 532, 189 (2016).

Higher-order topological insulators
Fang&Fu;Schindler et al., Langbehn et al.,Song, Fang&Fang;Benalcazar et al., (2017)

Quantized electric multipole insulators
Benalcazar, Bernevig, Hughes, Science 357, 61 (2017)

Nodal-chain metals
Bzdušek, Wu, Rüegg, Sigrist & Soluyanov, Nature 538, 75 (2016).

Three-fold (or higher) band degeneracies Semimetal
Bradlyn et al., Science (2016)

Topological (Crystalline) Insulators



Semimetal
Dirac Semimetal

Weyl Semimetal

Multi-degeneracy points

Nodal-line semimetal

Hopf-line Semimetal
……..



How to find Topo Mater

There are so much topological blablabla
Many topological invariants

Wave function?!!!
Need calculate all topological invariants for one 

material

Thus find any new topo-mater is a big success



Crystal Symmetry

Analyzing various crystallographic symmetries
Fu & Kane (2007);  parity Z2 Topological insulator
Fang, Gilbert & Bernevig, (2012); Slager et al., (2012);                                        
Fang & Fu (2015); Fang & Fu (2017); Zhou et al., (2018)……

Do not use wave-function

Exploiting the mismatch between the real and 
momentum-space descriptions of the band 
structure

Kruthoff et al., PRX (2017); Bradlyn et al., Nature (2017); 
Po, Vishwanath & Watanabe, Nature Communications (2017)



Atomic limit
Representation + Compatibility

Graph theory and band structure

Connected bands (EBR)    Semimetal
Disonnected bands (EBR) topo insulator

In total 10403 different EBRs



Band structure (has direct band gap at high symmetry points)

Quotient Group
商群

Provide no insight 
into how to find or 
engineer materials in 
any non-trivial  class

Atomic limit



Our Algorithm

Tang, Po, Vishwanath, Wan*
15, 470 Nature Physics (2019)

230 space group
Go beyond one-by-one



Band Structure

Bands can cross when they 
carry different symmetry labels

Dimensions of the irreps determine 
how the bands are “stuck”

High symmetry point, High symmetry line, irreps, ……..

Band structure of Si
(SG227) Topological is Global

What is detail:
If nothing pass the Fermi 
level, then all is detail!

BZ

《物理》48， 341 (2019)



Band Structure
Band structure of Si

What is detail:
If nothing pass the Fermi level, then all is detail!

Labels become simple counting!
Gap conditions above and below ensure 
counting is well defined



Atomic limit

230 Space group
Wyckoff Positions
Site symmetry

Unit cell has one atom
One s orbit at this 

atom



Pyrochlore structure: Space Group 227
Y16d
Ir16c
O18b
O248f

Y2Ir2O7



Calculation of Atomic Insulator Basis
Taking SG2 as an example

2  8 1  17



Calculation of Atomic Insulator Basis

2  8 1  17
n  , n1 , n2 , nX

1 , nX
2 , nY

1, nY
2, nZ

1, nZ
2, nU

1 , nU
2 , nT

1, nT
2, nS

1, nS
2, nR

1 , nR
2



Calculation of Atomic Insulator Basis

Z 2  Z 2  Z 2  Z 4

dAI=dBS

We choose our basis such that the values of 
Ci are maximized: Smith decomposition.

Common factors
Po et al., NC (2017)



Our Algorithm

Tang, Po, Vishwanath, Wan*
15, 470 Nature Physics (2019)

230 space group
Go beyond one-by-one



Z4 TCI

2 of Z4



(SG) 11 (P21/m).

α-phase：

β-phase：room temperature
Monolayer—QSH (Qian, Liu, Fu & Li, Science 2014)

γ-phase：
Type-II Weyl Semimetal: 
Deng et al., Nature Phys. (2016)
Tamai et al., PRX (2016)
Huang et al., Nature Mater. (2016)
Jiang et al., Nature Commun. (2016)

Topological Hinge states in -MoTe2



 2 inequivalent Mo's and 4 in-equivalent Te's
 all occupy 2e Wyckoff positions. 
 total 12 atoms (56 valence electrons) primitive unit cell
ν=56           SG11

DFT

DFT results of -MoTe2

n  , n1 , n2 , n3 , n4 , nB
1 , nB

2 , nB
3 , nB

4 , nY
1, nY

2, nY
3, nY

4, nZ
1, nC

1 , nD
1 , nA

1, nA
2, nA

3, nA
4, nE

1



Expansion of -MoTe2

2 of Z4



nk
± is the number of the occupied even/odd Kramers pairs

For this compound, 2 of Z4 mirror Chern/hinge states

WIEN2K mirror Chern number for 
They all vanish

So hinge state!

Topological feature of -MoTe2



Hinge state from TB calculation

TB reproducts topo-feature and band dispersion

Had been confirmed by 
Wang, Wieder, Li, Yan＆Bernevig, 
arXiv:1806.11116 (2018)



BiBr：Dirac Surface Sates
Coexisting with Hinge State



Topological states in BiBr

 Mirror Chern number = 0
 Hinge-State + Surface Dirac State
 TBtopo-feature

Confirmed by:



Non-Centrosymmetric Strong TI in AgNaO
Inversion  Fu-Kane parity criterion
Non-inversion  calculate Z2 invariant
SG 216 (F43m), which are non-centrosymmetric and contains S4

Expansion be insulators with the SI 1  Z 2

s(d) band is mainly above 
(below) the Fermi level. 

band inversion near the 
Gamma point,

results in an S4 invariant



Other 2∈Z₄ Materials
Cubic crystal TiS₂ (SG227) is a glide-protected 

TCI with hourglass surface states

 Elemental phosphorus in the A7 structure 
(SG166), which occurs at about 9GPa, is predicted 
to be an inversion-protected TCI with 1D hinge
states

Ag₂F₅ (SG2) is a weak TI with additional 
inversion-protected band topology characterized by 
the invariant κ₁=2



Strong TI Found by 1,3 of Z4



Dirac Semimetal MgBi2O6

Expansion  case 3

So topological Semimetal



Three-Fold Degenerate Fermions
AuLiMgSn (SG216) 
DFT nk

α are all integers thus there are finite direct 
gaps in all the HSPs. 

However expansion on the SG216′s AI basis vectors 
shows that they cannot constitute a BS at all, namely 
case 3 in the main text



The Nodal-line Semimetal AgF₂

AgF₂ (SG61)

11
2 , 19

2 , 13
4 



Comprehensive database searches
 Around 180000 compounds at ICSD database

Consider stoichiometric compound
Do not consider 3d/4f/5f and several 4d/5d element
19143 compounds with SOC+time-reverse symmetry

Highly efficient (main jobs is around 1 month within 
a cluster 28-node/one-node-32 CPU core)

GGA calculation
Check by MBJ calculation



List 258 good topological 
insulator

ccmp.nju.edu.cn



List 165 good topological Crystalline insulator



List 489 good topological Semimetal



Tang, Po, Vishwanath, Wan*, Nature 566, 486 (2019)

Zhang, Jiang, Song, Huang, He, Fang, Weng, Fang, Nature 566, 475 (2019)

Vergniory, Elcoro, Felser, Bernevig, Wang, 566, 480 Nature (2019)



Symmetry indicator

TaAs family 
Weng, Fang, Fang, Bernevig, & Dai, PRX (2015)
Huang et al., Nature Commum. (2015)

Magnetic



We propose a highly efficient method to 
explore topological materials

What one need to do is to look the expansion 
coefficient!

We propose numbers of new topological 
materials.

Conclusion
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当前的问题和可能的方案

Na3Bi
Wang, Sun, Chen, Franchini, Xu, Weng, Dai, and Fang, PRB (2012).

Cd3As2
Wang, Weng, Wu, Dai, and Fang, PRB (2013)

SnTe
Hsieh, Lin, Liu, Duan, Bansil and Fu, Nat. Commun. (2012).
Wang, West, Liu, Li, Yan, Gu, Zhang, and Duan, PRB (2014).


